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1. Introduction

Fundamental research on mixed second-order equations of elliptic-hyperbolic type began
in the 1920s by the Italian mathematician Tricomi and was developed by Gellerstedt,
A.V.Bitsadze, K.I.Babenko, I.L.Karol, F.I.LFrankl, M.M. Smirnov, M.S. Salakhitdinov, T.D.
Dzhuraev and others.

Research into equations of elliptic-parabolic and parabolic-hyperbolic types began in the
50-60s of the last century.

Then, in the 70-80s of the twentieth century, various problems for equations of the third
and high orders of parabolic-hyperbolic type began to be studied. Such problems were studied
mainly by T.D. Dzhuraev and his students (for example, see [1,2]).

Currently, the study of boundary value problems for third- and high-order equations of
parabolic-hyperbolic type has been developing in a broad sense (for example, see [3], [4]).

The study of many problems in gas dynamics, the theory of elasticity, the theory of plates
and shells is led to consideration in high-order partial differential equations. From a physical
point of view, fourth-order differential equations are also of great interest (see [5]-[10]).
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2. Statement of the problem

In this work, in the pentagonal region G of the plane xOy , one boundary value problem
for a fourth-order parabolic-hyperbolic equation of the form

o i+i (Lu)=0, (1)

is posed and studied. Where G=G, G, G, J, J,; G, — square with vertices at
points A(O;O) , B(I;O) , B, (1,1) , AO(O,I) ; G, — triangle with vertices at points B,
C(O,—l), D(—I,O); G, — square with vertices at points 4, D, DO(—I,I) , Ay; J, — open
segment with vertices at points B, D ; J , — open segment with vertices at points A, AO;

u,—u, (x,y) D,

Lu=
U, —U,, (x,y) D,, i=2,3.

For equation (1), the following problem is posed:
Problem A. Find function u (x, y) , that

1) is continuous in G and in the region G\J,\J, has continuous derivatives

participating in equation (1), and u_, Uy, Uy, Uy, U, are continuous in G up to part of the

boundary of the region G, indicated in the boundary conditions;

2) satisfies equation (1) in the area G\ J, \ J,;

3) satisfies the following boundary conditions:

u(Ly)=¢/(y), 0 » 1; (2)
u (-Ly)=ey(y), 0 y 1; 4

; )
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ul,, =w,(x), -1 x 0; (6)
Z—ZBC=W3(x),O x 1; (7)

Z_ZCD:W“(X)’_I x 0; (8)
%CDzz//s(x), -1 x 0; ©)

4) satisfies the following gluing conditions on type change lines:

u(x,+0)=u(x,—0)=T(x), -1 x 1; (10)
u,(x,+0)=u,(x,—0)=N(x), -1 x 1; (11)
u,, (x,+0)=u,(x,—0)=M(x), -1<x<I; (12)
u,, (x,+0)=u, (x,-0)=0(x), -1<x<I; (13)
u(+0,y)=u(-0,y)=17,(y), 0 y 1; (14)
u (+0,y)=u,(=0,y)=v;(»), 0 y 1; (15)
u, (+0,y)=u, (-0,y)=p(y), 0<y<1, (16)

where @, (i = 1,3) s ( J= 1,_5) — given sufficiently smooth functions, 7 — internal normal
toline x+y=—-lorx—y=1,and F(l/2,—1/2),
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/,ll(x), if 0<x<l1,

M (x)=
,uz(x),if—1<x<0;
o(x)= 0,(x), if 0<x<l,
0,(x), if —1<x<0;

T,V 1 (I= 1,_3) , 6,0, are unknown yet sufficiently smooth functions.

3. Investigation of the problem

Theorem. If ¢, C*[0,1], ¢, C’[0,1], v, C'[0,1/2]., v, C'[-10],
v, C3[0,1] , W, C3[—1,0] . W Cz[—l,O] and the matching conditions
l//l(O) =y, (O) , (pz(()) =y, (—1) , l//4(0)=—l//3 (O) are satisfied, then problem A has a

unique solution.

Here we give an idea of the proof of this theorem. We prove the theorem by
constructing a solution. We rewrite equation (1) in the form

U — Uy, :a)“(x—y)+a)12(x), (x:y) G, (17)
ujxx _ujyy :a)jl(x_y)+a)j2 (X), (-xay) Gj (j:273)’ (18)

where the notation u(x,y)zuj(x,y), (x,y) Gj (]21,_3) is introduced, and the

functions @, (x - y), ), ( y) ( j= 1,3) are still unknown and sufficiently smooth functions

to be determined.

We will carry out the study first in the region G, . Writing the solution to equation (18)
(i = 2) , satisfying conditions (10), (11) at 0 x 1 and substituting this solution into

conditions (7), (8) and (9) after some calculations and transformations, we find function

W, (x—y)+ay, (x).

Now substituting this solution into (6), we have the first relation between the unknown
functions 7' (x) and N (x) in the interval —1 x 1.
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a) This relation at —1 x 0 has the form
7,(x)-v,(x)=6,(x),-1 x 0. (19)

Next, substituting the solution that we wrote down above into (5), we obtain the second
relation

Tz(x)+vz(x):a1(x),—1 x 0, (20)
where 51 (x) and (x) are known functions.
From (19) and (20) we find the functions 7, (x), T, (x), v, (x)

b) At 0 x 1, the relationship between the unknown functions T’ (x) and N (x) has

the form
Tl(x)—vl(x)zal(x),o x L. (21)

Now passing in equation (18) (i = 2) to the limit at y — 0, by virtue of (10) and (12)

at 0 x 1 we obtain the relation:

,ul(x)zrl (x)—a)21 (x)—a)22 (x) (22)
Differentiating equation (18) (i = 2) by y and putting y — 0 in the resulting equation,
we have
vi(x)-6(x)=-, (x),0 x 1. (23)
: 0 . o
Next, applying the operator — —+—  to equation (17) and directing y to zero, we

dy Ox Oy

obtain another relation:
v (%)= (x)+ 2, (x)-6,(x)=0.

Eliminating the functions v, (x), £ (x) and 6,(x) from (21), (22), (23) and the last
equation, then integrating the resulting equation three times from 0 to x , we arrive at a first-
order linear ordinary differential equation for 7, (x) . Solving this equation for the known four

conditions, we find function 7, (x) .
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Then functions v, (x) . (x) , U, (x,y) will also be known.

Passing in equations (18) (i = 2) and (18) (i = 3) to the limit at y — 0 taking into

account conditions (10), (12), we find
a)31()c)+a)32 (x)za)21 (x)+a)22 (x),— I x O.

Next, differentiating equations (18) (i = 2) and (18) (i = 3) by y and in the resulting
equations passing to the limit at y — 0 taking into account conditions (11), (13), after some

transformations we obtain
a)31(x—y)+a)32 ()c):a)21 (x—y)+co22 (x),—l x—y 0.

Moving on to consider the problem in the region G, , using the continuation method we

obtain the first relation between the unknown functions 7, ( y) and v, ( y) :

vi(y)=7,(»)+B,(»).0 ¥ 1. (24)

Next, passing in equations (17) and (18) (i = 3) to the limit at x — 0 due to conditions
(13) and (15), we find

(25)

I
g
0
<
~
+
&S
)
—~
S
~

/u3(y)_73(J’)

15 (y) =75 (¥) =@y (-y)+ @y, (0) (26)

-

where it should be

o ( ) j)ll(x—y), 0 x—y 1,
xX—y)= _
: a)n(x—y),—l x—y 0,

and 511(0) 2211(0).

In equation (17), passing to the limit at y — 0, we obtain

Ell(x)+a)12 (x)=z'1(x)—vl(x). (27)
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Differentiating equation (17) by y and putting y — 0 in the resulting equation due to
conditions (11), (12), after some calculations we find the function 511 (x) . Substituting

Zn (x) in (27), we find @,, (x) Thus, we find the function Zn (x — y) +w, (x) .

Excluding the function /i, ( y) from (25), (26), after some calculations, taking into

account @, (O) = (), after some transformations we obtain the relation

Ell(x—y)+a)12(x): 73(y—x)—r3 (y—x) + 7, (x,y), (28)
where y, (x, y) is a known function.

Now we move to the region G, . Writing the solution to equation (17), satisfying
conditions (2), (10)at 0 x 1 and (14) and differentiating this solution with respect to x and
setting x — 0, taking into account equalities (24), (27), ( 28), after some calculations, we find
T3(y) , and thus the functions 7, (y) , Vs (y) , 511(x—y)+ ), (y) , Tz(x) . Then the
functions u, (x, y) and u, (x, y) will be known. So, we have found the solution to problem 4

in a unique way.
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