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Annotation: The article examines the analysis of the process of liquid flowing out of the vessel
opening using the mathematical modeling method. Based on Torricelli's law, the main equations
for determining the flow rate and flow rate are presented. Based on the calculation results, the
relationship between the liquid height and the outlet velocity was analyzed.
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AHHOTanmus: B craThe paccMaTpuBaeTCsl BOIIPOC aHAIM3a MPOLECCa UCTEYCHUS KHUIKOCTH 3
OTBEPCTHUS COCYy/la C MOMOIIBI0 METOJIa MaTeMaTHYECKOro MoaennpoBanus. Ha ocHoBe 3akoHa
Toppuyerun mpuBeAEHBI OCHOBHBIE YPaBHEHUS ISl ONPE/IEICHHsI CKOPOCTH BBIXOJIAa U pacxoja
nortoka. [1o pe3ynapTaram pacdueToB NMpoaHAIM3UPOBAaHA 3aBUCUMOCTb MEX]Ty BBICOTON KHJIKOCTH
Y CKOPOCTBIO BBIXO/IA.

KawueBble cioBa: 3akoH Toppuuenig, TOTOK KUAKOCTH, CKOPOCTh BBIXOA, MATEMaTHYECKOE
MOJIETTUPOBaHHE.

Introduction. The process of liquid flowing out of a vessel is one of the important issues of
hydrodynamics and has great importance in calculating processes in engineering, chemical,
physical, and technical systems. Determining the flow rate of a liquid in a vessel is used in pump
systems, reservoirs, fuel tanks, and industrial processes.

To explain this process, the theoretical foundations developed by Torricelli are used. According
to Torricelli's law, the velocity of liquid outflow under gravity depends on the height of the
liquid.

Methods. For the analysis of liquid flow, the law of conservation of energy and the law of
conservation of mass are applied. Let us assume that a vessel with a known function S=S( )of
the cross-sectional area S and height H is filled with liquid up to the level H. At the bottom of the
vessel there is a hole with a surface area w through which the liquid flows out. Let us consider
the problem of finding the time t during which the liquid level decreases from the initial state H
to an arbitrary state , and the time T for the vessel to be completely emptied. To determine this,
the rate of change of the liquid quantity (volume) in the vessel 9 can be considered as a known
function of the liquid level (pressure) in the vessel 3=3( ) (Figure 1).
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Figure 1. Depiction of the transition of a liquid in a reservoir from its initial state H to its state h.
Assuming that at some time t the height of the liquid in the vessel is equal to , the amount of
liquid d9 flowing out of the vessel in the time interval dt from t to t+dt can be calculated as the
volume of a cylinder with a base area ® and a height 9( ). Therefore, we express df as a first-
order differential equation with separable variables [3-6]
dd=w3( )dt (D

The indicated volume of liquid can be calculated in another way. Since the liquid flows out, the
liquid level in the vessel decreases by a value of d(h), which can be expressed as a differential
equation with separable first-order variables.

dd=-S( )dh (dh<0) (2)
i.e., a negative sign (dh<O)was obtained, therefore for dd from expressions (1) and (2) we write
the following equation:

wd( )dt=—S( )dh 3)

This equation consists of a first-order equation with separable variables in the differential
equations section of "Higher Mathematics" and its solutions are found as follows. [1-3]
The simplest first-order differential equation is an equation that is solved with respect to the
derivative and does not contain the variable Y.

= =f(x) @

From the course of integral calculus, it is known that in this case, to find the unknown function Y,
it is necessary to find the indefinite integral of the function f(x). General solution of equation (4)

dy=f(x)dx, dy= f(x)dx+C
or
y=f(x)dx+C (5)

The partial solution of equation (4) with the initial condition Y ,—,g=Yq is often convenient to
write as a definite integral. Indeed, we can represent an initial function as a definite integral with
a given lower boundary and a variable upper boundary, for example

675


http://www.internationaljournal.co.in/index.php/jasass
http://www.internationaljournal.co.in/index.php/jasass

7 JOURNAL OF APPLIED
w SCIENCE AND SOCIAL
Nl SUIENCE
= elSSN 2229-3113 pISSHN 2229-3205
Volume 15 Issue 11, November 2025
Impact factor: 2019: 4.679 2020: 5.015 2021: 5.436, 2022: 5.242, 2023:

6.995, 2024 7.75

X
y=  f(t)dt+C
X0
can be written in the form: at X=Xg this integral becomes zero, therefore, to fulfill the initial
conditions, it is necessary to take S=Yg, consequently, the particular solution (1)
X

y=Yo+  f(t)dt
X0
can be written as. You can calculate the value of C and find the particular solution. Based on this,
we can write (3) as follows

dt  S()
d ~wd()
Select the variables:
dt=— &d
w3( )

Integrating from this
1 S 1 S
ol SO, 1 SO .
w H '8( ) \\ H 3( )
When integrating, when changing the boundaries, the sign of the integral changes to the opposite.
Since when the vessel is completely emptied, =0, then the time of complete emptiement of the
vessel T is found by the formula.
1 Hs
T=— —( ) @)
w o 9()
If the liquid flows out of a small hole or short tube, then it is determined by Torricelli's law [1].
9=py/2g C)
Here, g— is the gravitational acceleration, y— is the empirical coefficient (flow coefficient).
Taking this into account (8), we will find the formulas (7) and (8) for the flow rate t and the time

of complete emptying of the liquid in the vessel T.
1 HSO

:WH\/TQ \/—dr] (9)
and
1 HS()
T= d 10
Wu\/Z_g o VvV f (10)

Using definite integrals, we find t and T, i.e., the velocity of the liquid out of the vessel t and the
time it takes for the liquid to be completely emptied in the vessel T. Applying this theory, we
solve this problem.

Results. A railway tank with length L and diameter D is filled with kerosene. Let's determine the
discharge time of the tank when the kerosene is drained through a short discharge pipe (valve)
located under the tank and having a cross-sectional area w. (Figure 2).
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Figure 2. Image of the cross-section of a kerosene tank.
Solution: The surface area of the petroleum product S (h) is a variable quantity and is determined
by the following formula. [4-9]

S( )=2 L=2L,/R2—( —R2)=2L./D(D— )

Therefore, substituting S (h) into formula (10), we obtain the following.
2L P.J/(D-) 4L.DVD
T=— d =
WU o 3wp./2g
In particular, if L=12m, D=2.6m, w=0.01m? and the consumption coefficient p=0.6 (for
kerosene),

4 12 2.6V2.6 .
T= =2520 sek=40 min
3 0.01 0.6v19.62

Discussion. The obtained results fully correspond to Torricelli's law. Both theoretically and
experimentally, it has been confirmed that with increasing altitude, the gravitational energy
increases and the exit velocity increases.

On the other hand, if the current coefficient is not taken into account, the results reflect the ideal
state, and a certain error is observed in practice. Therefore, empirical coefficients should always
be introduced in engineering calculations.

Conclusion: In conclusion, when gas and liquid flow slowly, their layers are arranged parallel to
each other. Such a flow is called laminar. If gas and liquid flow rapidly, their layers mix. Such a
flow is called turbulent. The velocity of the liquid flowing out of the vessel is determined by the

expression 9=,/29 according to Torricelli's law. This method can be used to optimize hydraulic
calculations in various technical systems.
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