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Abstract
Differential equations with definite derivatives play a fundamental role in modern

mathematics and its applications in science and engineering. This study studies the theoretical
and practical significance of differential equations involving certain types of derivatives, such as
partial, fractional, and higher-order derivatives. In general, differential equations with definite
derivatives extend the classical theory and provide powerful tools for solving real-world
problems, which demonstrates their important importance in both pure and applied mathematics.
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Аннотация
Дифференциальные уравнения с определенными производными играют

фундаментальную роль в современной математике и ее приложениях в науке и технике. В
данном исследовании изучается теоретическое и практическое значение
дифференциальных уравнений, включающих определенные типы производных, такие как
частные, дробные и производные высшего порядка. В целом, дифференциальные
уравнения с определенными производными расширяют классическую теорию и
предоставляют мощные инструменты для решения реальных задач, что демонстрирует их
важную роль как в чистой, так и в прикладной математике.
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Annotatsiya
Aniq hosilali differentsial tenglamalar zamonaviy matematikada va uning fan va

muhandislikdagi qo'llanilishida asosiy rol o'ynaydi. Ushbu tadqiqot qisman, kasr va yuqori
tartibli hosilalar kabi muayyan turdagi hosilalarni o'z ichiga olgan differentsial tenglamalarning
nazariy va amaliy ahamiyatini o'rganadi. Umuman olganda, aniq hosilali differentsial
tenglamalar klassik nazariyani kengaytiradi va real dunyodagi muammolarni yechish uchun
kuchli vositalarni taqdim etadi, bu ularning ham sof, ham amaliy matematikada muhim
ahamiyatini ko'rsatadi.

Kalit so'zlar
Differentsial tenglamalar, Qisman hosilalar, Kasr hosilalari, Yuqori tartibli hosilalar,
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Matematik modellashtirish, Barqarorlik tahlili, Analitik usullar, Amaliy matematika, Dinamik
tizimlar, Sonli usullar.

Introduction
Differential equations form one of the central pillars of modern mathematics and serve as

a fundamental tool for describing change, motion, and dynamic interactions in natural and
abstract systems. From classical mechanics to economics and from engineering to the biological
sciences, differential equations provide the mathematical foundation necessary for modeling
continuous processes. Among them, differential equations that involve certain types of
derivatives, such as partial derivatives, higher-order derivatives, and fractional derivatives, are
becoming increasingly important due to their ability to represent more complex and real-world
phenomena. Classical ordinary differential equations (ODEs) mainly involve derivatives with
respect to a single variable and are widely used to describe time-dependent processes. However,
many real-world systems depend on multiple variables simultaneously. In such cases, partial
differential equations (ODEs) that involve partial derivatives become important. KO is
fundamental in modeling heat conduction, wave propagation, fluid dynamics, electromagnetism,
and quantum mechanics. Similarly, higher-order derivatives allow us to model systems in which
acceleration, curvature, or other higher-order rates of change have a significant impact on
behavior. The study of differential equations is a broad field in pure and applied mathematics,
physics, and engineering. All of these disciplines are concerned with the properties of various
differential equations. Pure mathematics focuses on the existence and uniqueness of solutions,
while applied mathematics deals with finding solutions directly or approximately and studying
their behavior. Differential equations play an important role in modeling almost all physical,
technical, or biological processes, from celestial motion to bridge design to the interactions
between neurons. Differential equations used to solve real-world problems may not have closed-
form solutions. Instead, solutions can be approximated using numerical methods.

Figure-1 Differential equation
Many fundamental laws of physics and chemistry can be formulated as differential

equations. In biology and economics, differential equations are used to model the behavior of
complex systems. The mathematical theory of differential equations has evolved along with the
sciences in which the equations were originally derived and the results applied. However,
sometimes different problems arising in very different scientific fields can give rise to the same
differential equations. When this happens, the mathematical theory behind the equations can be
seen as the unifying principle behind different phenomena. As an example, consider the
propagation of light and sound in the atmosphere, or the propagation of waves on the surface of a
pond. They can all be described by the same second-order partial differential equation, the wave
equation, which allows us to think of light and sound as waveforms, like the familiar waves in
water. Heat transfer, whose theory was developed by Joseph Fourier, is governed by another
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second-order partial differential equation, the heat equation. It turns out that many diffusion
processes, although seemingly different, are described by the same equation; for example, the
Black–Scholes equation in finance is related to the heat equation.The number of differential
equations that have been named in various scientific fields indicates the importance of the
subject. See the list of named differential equations. [2]

Figure-2 Differential equation
In recent decades, fractional derivatives have further expanded the scope of differential

equation theory. Unlike integer derivatives, fractional derivatives provide a means to describe
the memory and heritability of materials and processes. This makes them particularly valuable in
modeling viscoelastic materials, anomalous diffusion, biological systems, and control theory.
The inclusion of such special derivatives provides more precise mathematical descriptions of
nonlocal and time-dependent effects that classical derivatives cannot fully capture. In addition to
practical applications, the study of differential equations with certain derivatives also contributes
to theoretical mathematics. The existence, uniqueness, stability, and long-term behavior of
solutions constitute an active area of ​ ​ research. Analytical methods, qualitative theory, and
numerical approximations continue to develop to solve increasingly complex models. Therefore,
understanding the importance of differential equations with certain derivatives is of great
importance not only for the applied sciences, but also for mathematical theory itself. These
equations connect abstract mathematical concepts with the solution of practical problems,
reinforcing their central role in pure and applied mathematics.[3]
Methods
This study uses a theoretical and analytical research approach to investigate the importance of
differential equations involving certain derivatives. The methodology is based on a systematic
review and comparative analysis of mathematical models involving ordinary, partial, higher-
order, and fractional derivatives. First, classical ordinary differential equations (ODEs) are
analyzed in order to provide a basic framework for understanding derivative-based modeling.
Standard solution methods such as separation of variables, integral factors, and characteristic
equations are reviewed to demonstrate the behavior of systems described by integer derivatives.
Second, partial differential equations (PDEs) are examined to assess the role of partial
derivatives in modeling multivariable systems. Analytical methods including Fourier series,
Laplace transforms, and Green's functions are reviewed to demonstrate how PDEs describe
physical phenomena such as heat transfer and wave propagation. Third, higher-order differential
equations were analyzed to understand their application in systems involving acceleration,
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curvature, and structural dynamics. Stability and qualitative behavior were investigated using
eigenvalue analysis and phase plane methods. Finally, fractional differential equations were
studied to assess their ability to model memory-dependent and nonlocal processes. Definitions of
fractional derivatives (e.g., Riemann-Liuville and Caputo derivatives) were compared, and
numerical approximation methods were considered to evaluate solution behavior in cases where
closed-form solutions were not available. The analysis focused on existence and uniqueness
theorems, stability criteria, and qualitative properties of solutions. The comparative evaluation
allowed us to identify the mathematical and practical advantages offered by certain derivatives
over classical formulations.[1]
Results
The analysis shows that differential equations with certain derivatives significantly extend the
modeling power of classical mathematical systems. Ordinary differential equations effectively
describe dynamical systems in one variable; however, their limitations become apparent when
the systems involve spatial variations or memory effects. The study confirms that partial
derivatives in PDEs allow for the accurate description of multidimensional processes such as
diffusion, electromagnetic fields, and fluid motion. These equations provide structured models
that are closely related to empirical observations in physics and engineering. Higher-order
derivatives are found to be important in describing systems under acceleration and structural
deformation. Their inclusion increases the accuracy in mechanical modeling and stability
analysis, especially in vibration theory and elasticity. The most important extension of the
classical theory is observed in fractional differential equations. The results show that fractional
derivatives successfully model heritable properties and anomalous diffusion processes that
cannot be described by integer derivatives alone. Their flexibility allows for better description of
viscoelastic materials and biological systems with memory-dependent behavior. Furthermore, the
comparative analysis shows that equations with certain derivatives often require advanced
numerical methods, which emphasizes the development of computational mathematics as a
necessary complement to theoretical analysis.

Overall, the findings confirm that the inclusion of certain types of derivatives expands
both the theoretical depth and practical applications of differential equations, strengthening their
central importance in modern mathematics.

Conclusion
In conclusion, the inclusion of definite derivatives strengthens both the analytical depth and
practical relevance of differential equations. As scientific and technological systems become
increasingly complex, these mathematical tools will remain fundamental in the development of
research in pure and applied mathematics.This study examines the importance of differential
equations involving definite derivatives and their important role in modern mathematics. The
analysis shows that while classical ordinary differential equations provide a solid foundation for
modeling dynamical systems, the inclusion of partial, higher-order, and fractional derivatives
significantly expands the scope and accuracy of mathematical modeling.
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