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Abstract

In the course of mathematical analysis, various approximations of sequences of functions
are considered: smooth approximation, approximation at almost all points, approximation by
measure, mean square approximation, and other similar approximations. Similarly, in probability
theory, sequences of random variables and, at the same time, various approximations of
sequences of distribution functions are considered. These approximations serve as the basis for
limit theorems in probability theory.

Let a probability space be given in which random variables (QF,P), {&,n=1} form a
sequence and random variable {is defined.

Definition 1. The sequence of random variables {,/7=1} is said to converge to ¢ in
probability if for every £>0

A(é;=¢>&) -0, n-oo.

Convergence in probability is denoted in the form
P

$p— & N-oo.

In the above definition it is required that the sequence {&, /7=1} and the random variable
¢be defined on the same probability space.

Definition 2. The sequence of random variables {&,/=1} is said to converge almost
surely to the random variable ¢ if &,(w) - & w) the convergence M1- 00 holds at almost every
point of w Q, i.e., the set of points where convergence fails has probability /' Q equal to
AN)=0. ,

Here, as in &, -» &, it is also assumed that the sequence of random variables and the
limiting random variable are defined on a single probability space.

If {&,n=1} is a sequence of random variables, we consider the event
A={é,ketma—ketlik ¢ ga yaqginlas adit={limé,=8={w.é,(w) - w)}. In fact, to assert that
A Qs an event it is enough to note that it can be written in the form

(o]

1
A= f16(@)- &)=
k=1 N=1 =N
where the event

[ee]

v {16-8<7)

m—=N
that the inequality |&,—¢| S7l(holds for all =N 1is
B= w=1Ank
the event that there exists a natural number A such that the inequality |&,—d< %( holds for n=Nis
°k°:1 B/(a .
and the event that for every natural number AM>1 there exists /=N such that |{,—¢|< p holds, i.e.
shows that lim&,=¢ occurs.
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Based on the above, convergence with probability 1 can be defined as follows.
Definition 2'. If

P(A)=P<lim5n=a=P<

o o o

{m—a%}) -1
k=1 N=1 n=N

then the sequence of random variables {&,, =1} is said to converge with probability 1 to the
random variable ¢ and it is denoted by
P(&,- =1 or P(limé,=&=1.

The following not-too-complicated remarks clarify the nature of convergence with

probability 1.
P< Bk> =1
k=1

If
then for all kwe have P(B,)=1, and conversely if for all kwe have A(B)=1, P( =1 Bo=L1.
Hence, for convergence with probability 1 to &,- &

[ee]

P( {Ifn—ﬂS%D =1
N=1 =N

the equality must hold; it is both necessary and sufficient. Since the sequence of events in the
above

(o]

v {16-8<7)

m=N
is monotonically decreasing (Ay Ap+1), by the continuity property of probability, for (1) to
hold it is necessary and sufficient that the relation

[ee]

: : 1
MP(AM—MP( {'fn—ﬂSzD—l
m=N

hold for all k.
In the last relation %(may be replaced by any £>0.

Thus the following theorem is valid.
Theorem 1. For the sequence of random variables {&,,/=1} to converge with probability
1 to the random variable {it is necessary and sufficient that relation

A'}IE‘f( {Ifn—ﬂSé”}) =1
m—=N

holds (for every £>0).
Remark. From the validity of the inequality

P(Ifn—ﬂS£)2P< {Ifn—flsf}>
k=n

and the fact that &, converges to ¢ with probability 1, it follows that it converges to & in
probability, because in this case
A é—8=>)=1—-F(|{,— <€) -0, n-oo.
Corollary 1. The condition of Theorem 1 is equivalent to the equality
1im AC 2y {1&—8>eH)=0 (1)
for any £>0 being satisfied.
Now we introduce the following sequence of random variables
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{r=supl&i—4l.
k=n
In this case Theorem 1 can be written in the following form:
Theorem 2. For the sequence {&, =1} to converge with probability 1 to & it is

necessary and sufficient that the relations {j, - 0, 77— 00 hold.
Indeed,
{(=8= i ll&—d>¢ (2)
the equality holds, and the proof of Theorem 2 follows from relations (1) and (2).

P
Above we saw that from a limit relation (fn - f) the equality A(lim&,=&=1 does not

necessarily follow. But if the probability
A ér—3>e)
tends to zero at a known rate, then the sequence {¢&,,/=1} may converge with probability 1 to &
Theorem 3. If for every £0
*  AlE—d>8) <oo (3)
then P(limé,=&=1.
The proof of this theorem follows from

[ee]

P( {lfn_ﬂ>£}>s P(lgn_5|>£)
=N m=N
and equality (1). But from relation (3) one cannot conclude how fast the probability A(|,—¢&>¢€)
tends to zero.
From the stated Theorem 3 we obtain the following result.

Corollary 2. If &, f ¢, then there exists a subsequence {fnk,kzl} such that for it

P(Iimfnng‘):l.

The proof of this result is easy because one can choose indices as 71 so that for them the
inequality

RlE>9=

holds.
The condition (3) of Theorem 3 is a basic criterion in probability theory for studying
properties that are described with probability 1; we state the following Borel-Cantelli lemma.
Let
AL A, Apee.
be a sequence of events. The event that infinitely many of these events occur is
limsupA,=limA,={A,, ¢ eksiz ko'p n uc un.
Borel-Cantelli lemma. The following relations hold:
a)If > A(A,)<oo then A(A, ¢ .K)=0.
b)If °_, P(A;)=c0 and the events A;,A,,... are independent then A(A,, ¢ .k)=1.
Proof.
a) By definition,

{Anc K={limA,}= Ai
m=1 k=n
and by the continuity property of probability P(A,c .K),

PAnc K=P( 7y oko:nAk):,Li_ToP( PERVES

- 00

From the last relation conclusion a) follows.
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b) If A;,A,,... the events are independent, then ZI,ZZ,... events are also independent. In this
case for any N=n

N N
P Zk - P(Zk)
k=n k=n
and from this equality it is not hard to see that
A enA)= a4 4)

holds.
Here, using the elementary inequality
log(1—-x)<=—x, 0=x<l1,

log %, (1-P(AY)= 7, log[1-P(A)] < 104
and P(A,c .K)=1.

P ( Zk> =0
k=n
The lemma is proved.

Hence, for any n
Corollary 3. If A7={w; |&,(w)—& w)|<&}, then under condition (3) for any £>0

P(AR)<o0,e>0
=1
the series converges.
Thus, according to the Borel-Cantelli lemma,
P(AD=P(limA5)=0, £>0.
From this the following logical implications hold:

A1&~8=6) <eo, &0

=1
A(A)=0,6>0 = A(§H=§=0.
Corollary 4. Let positive sequences &£,10, and 17— o be given. If

P(lfn_leSn)<°°
=1
then P(&,- &)=1.
Indeed,
An:{lfn_ﬂzgn}

let. By the Borel-Cantelli lemma, AP(A, ¢ .k)=0. According to the last equality, for almost
every elementary outcome w Q there exists a natural number N =M @) such that m=M w)
whenever |,—§<¢&,. But &,10 implies that {,(w) - { w) for almost all w Q.

Above we have studied three types of convergence of random variables defined on a
single probability space (Q,F,P) (convergence with probability 1, in probability, and in the (£)-th
mean). But if random variables are defined on different probability spaces (or their underlying
spaces are not specified) , and their distributions are "similar", the question naturally arises how
to understand the "convergence" of such random variables. In this situation it is important to
express convergence of random variables via properties of convergence of their distributions. If
we can find convenient properties of convergence of distributions, we gain the ability to
approximate complicated distributions (which are needed but hard to compute) by simpler ones.
These ideas form the basis of the section of modern probability theory called "limit theorems
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Definition 3. The sequence of random variables {{, 77=1} is said to converge to random

variable £in r—th mean if
El$y—=4"-0, n-oo
holds. This convergence is denoted by
0]

¢ én-oo.

By Chebyshev's inequality,

,
P&~ 8d=¢) SEILJE'

. o . o G p
Hence, convergence in r/—th mean implies convergence in probability ((fn f) (fn - f))

However, convergence in probability does not imply convergence in mean.
The following theorem studies under what conditions convergence with probability 1

implies convergence in the first mean ¢, @ ¢
Theorem 4. Let {&,, 7=1}— be a sequence of nonnegative random variables such that
P&y~ =1, E&,~ Eé<oo,

Then Elfn—ﬂ - O, 11— 00,
Proof. Under the given conditions, for sufficiently large /7 we have E§,<oo. Therefore

Elén—d=El¢ = E({=&p) hemgpt

+E(— s >5=2E( &) I y HE(S— ). (%)
But
0=(&$p) heey=<
From the last and the fact that A(,- =1 we obtain
1im (¢=¢n) figz6)=0. (6)

Now the proof of Theorem 4 follows from relations (5) and (6).
Remark. In (6) the condition P({,- §=1 may be replaced by convergence in probability

P . . .
(g‘n - 5) and the statement remains valid. Below we define £, to be convergence to F in such a

way as to account for situations where the corresponding random variables are close in
distribution while being close in probability.

Definition 4. A sequence of distribution functions {F,(X), =1} is said to converge
weakly to the distribution function A(X) if for every bounded continuous function fx)

S TR, (0 - 2, R0 AR ()
the convergence holds.

Weak convergence is denoted by F, F.

If P,(B) and A(B) are probability measures corresponding to distribution functions F,(X)
and A(X) (B are Borel sets), then we say that measure £, converges weakly to measure P and
denote it by P, P.

In this case (7) can be written in the following form:

) Pr(dx) - Ax)P(dx),

R R

or
Ef$n) - ERS), n-oo,
where P(&, B)=P,(B), P({ B)=P(B), B-—isaBorel set.

Another variant of weak convergence follows from the next theorem.
Theorem 5. Weak convergence 2, P holds if and only if the convergence F,(X) HX)
holds at every continuity point A(X) of x.
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Remark 1. Based on Theorem 5, the weak convergence of distribution functions can
equivalently be defined in the following strong form: distribution function F,(X) converges
weakly to A(X) if F,(X) HX) for every x C(F). However, variant (7) has many advantages; for
example, it is applicable to probability distributions in infinite-dimensional spaces.

Remark 3. If A(x) is a continuous-type distribution function, then convergence £, Fis
equivalent to uniform convergence

sup|F,(X)—AX)|-0,n- oo,

X

The proof of this statement F,(x)—FA(X) follows from the fact that the convergence is
uniform on any finite interval because the limit is continuous/~(X).

Remark 4. If distributions £, and F are discrete with jumps at common points
X1,X0,.4 X then £, F

Fr(Xe+0)—F,(X) - Fx+0)—Axg)

is equivalent to convergence. In the latter, convergence of probabilities corresponding to the
values X1,X,...,X,... 1S written.

Let a sequence of probability distributions {#,, 7=1} be given and let the corresponding
random variables sequence be

61’621"”{/7!“'

such that for them
PH(B):/D(gn B), n:1121“':»
B—are Borel sets. In general, it is not required that these random variables be defined on a single
probability space.

Definition 5. If P, P, PA({ B)=P(B) then we say that the sequence of random variables

d
{&, n=1} converges in distribution to {and denote it by &, - &
Often convergence in distribution of random variables is called convergence by
distribution.
. p d d . P .
Clearly, if &, » & then &, - £. But (_>) does not imply (_.).The following theorem
clarifies this situation.

d
Theorem 6. If §, - & (F, F), then one can construct random variables &, and £ on a
single probability space such that

A& i <X)=P(&<X)=Fp(X)
P& <X)=P(&X)=FHX)

P(Cz‘n—' é'):l

i.e., the random variables &, converge with probability 1 to ¢.

and

LIST OF REFERENCES USED

1 Sh.Q.Farmonov. “Ehtimollar nazariyasi”, Toshkent, “Universitet”, 2014.

2. Ross, Sheldon M. a first course in probability. Pearson Education, Inc.2010.

3. Robert B. Basic probability theory. Dover Publications, Inc.2008.

4.  Bopokos A.A.«Teopust BeposTHOCTEW», MockBa, «Jlanb», 2010 r. Ctp.705.

5. A.A.Abdushukurov, T.M.Zuparov. “Ehtimollar nazariyasi va matematik statistika”,
Tafakkur bo‘stoni,2015 yil.

6. S.X. Sirojiddinov, M. Mamatov “Ehtimollar nazariyasi va matematik statistika”, Toshkent,
“O‘qituvchi”, 1980 yil.

7. CesacrsaHoB B.A. «Kypc Teopur BEpPOSITHOCTEN U MATeMAaTHYECKOM CTATHCTHKU», MOCKBa,
«Hayxka», 1982 r.

— 192 —

http://www.internationaljournal.co.in/index.php/jasass



http://www.internationaljournal.co.in/index.php/jasass
http://www.internationaljournal.co.in/index.php/jasass

